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Analysis of gravity data in the wavelet domain

Summary. 1 x
suchthaty g(x) = —¢(—). We now have 8(x) as a
s s

The fundamental equations gbotential field theor . . .
q o y scaling functionand (/(X) as a wavelet in avavelet

have aninteresting interpretationwhen regarded as a )
particular case of a multiscale wavekeinsform. This analysis.

allows the implementation of algorithmsfor image ) ) .
processingandinversion in a parameterisation that is 1he wavelet transform of a function f(x3 defined by
geologically natural and meaningful. WL f](s, x) = (f D@ g)(x)

. where([)) denotes convolution. Then
Introduction.
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_ _ ) WLF](s,X) = (F Ogg)(x) = f O(s—2)(x) = s— (f 08g)(x)
Drawing upon recent results in the wavefrbcessing X ox
of images (e.g. Mallatand Zhong, 1992) and of

potential fields (e.g. Hornby, Boschet@éndHorowitz, This shows that the wavelet transforiW[ f](s, x) is,
1997), we have synthesized new methods of analyzing except for a scale factor, the first derivative of the
gravity fields, based upon ageneralization of the signal smoothed at the scale Ehe local extrema of
concept ofedges Singularities in the massensity W[ f](s,x) (in x) thus correspond to rapidariations in
distribution of thesourcesare assumed t@orrespond (f 06s)(x), and arecollectively called multiscale

one-to-one with apparergdges in thegravity field at

different levels of upwaraontinuation. Apparent edges

in the field are defined to bdocal extrema of the

horizontal gradientwhich correspond nicely with the

first stages of some traditional hand-drawn

interpretation techniquedJpwardcontinuation isused

as the change of scale operation in defining the

appropriate wavelet. The collection of apparent edges at

all scalesare termed askeletonization ofthe field.

Some properties of theskeletonization are (a) the

variation of amplitude with position contains

recoverable information about the typedlocation of

the source densitgingularity, and (b) the field can, in . . _

most cases, be reconstructed from the skeletonization. 1he Green's function for thegravitational vertical
acceleration is:

We usethe Green'’s function of thgravity field as the z

mother wavelet in the multiscale wavebmalysis. This y(xy.2) = (x2 + y + Z2)3/2

allows us to reinterpret traditional processintgols . . .

(such as upward and downward continuation) imoael, Whoseintegral, divided by 27t is unity for all z > 0.

edges

Let us consider the magnitude of thgravitational
vertical acceleration

N
fzo(XIY)z_gz =;—

Gj ¢ dy j p(x' y .,z )(z0 -7z')dz
02 e (x-x)2 +(y-y) + (g -2)H)Y?

elegant and rigorous manner. Algorithmsor image Also, defining G(SZ)(X, y) = y(X.Y, SZ)/27T we have
processingand inversion may thus be based upon a (%2) 1 sz (z)
parameterisation that igeologically meaningful (the 0 (xy) = — 5377 - 2 (-, —)
lines commonly drawn by geologists over gravity 2m (X + y +(s2)7) S 5 s

images) rather than upon mathematically abstract and

geologically unrealistic parameterizationsuch as

Fourier bases, rectangular voxels and so onb®@feve

this could also facilitate and encourage acloser The functions

collaboration and exchange of ideas betweefield X (2) ,99(2) y @ _ (Z)
geologists and mathematical geophysicists. Y’ =—— and 7 share the
property
Method. (Z)(x " _i- (Z)(f X)
2 S s

Choose a non-negative differentiable functiof(x)

such thatée(x) dx=1; enforce the scalingoroperty thus forming a set of setfonsistent dilationequations,

— | lets.
1,x , ' 26(%) and can be employed as wavelets
B5(x) = —6(—); and define the functiony(x) = o
58 oX Applications
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varying dip. The edges give a clear visual indicator of
the direction of dipand also of the dipangle. In
particular, vertically dipping density variationkave
vertical edges. These simplebservations show the
usefulness of this technique even for a first passial
inspection.

Here webriefly review someapplications ofthe above
theory to gravity surveys.
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Figure 1.3-D visualisation ofthe multiscale edges due
to a dipping cylinder. Notice the effect of the dip on the
bending of the edges at different height.

Figure 2. From the evolution of edges at differsoales
it is easy to determine the direction of dip and, to a
lesser extent, the inclination of a fault.

Behaviour of multiscale edges for simple

geological shapes Inversion and sensitivity to noise.

The evolution of edges at different scalesontains
information about the kinds of sourcaingularities
underlying adataset.. This propertycan beused in an
inverse procedure to recover thehapeandlocation of
anomalous bodies from gravity fields. For example, we
can invert thesynthetic profiles shown ifrigure 2 for
the depth and dip of the causative faultbe results are
reported in Tables 1 for amversion after 20% of
random noise was added to the synthetic data.

Figure 1 shows &-D visualisation ofthe multiscale
edgescorresponding to the gravityfield due to a
dipping cylinder of anomalous density. Mallat and
Zhong (1992) show that the set of multiscale edges can
be used toreconstruct the gravity image. This new
representation allows ammmediate understanding of
some aspects of the shape of the causative body. The
most obvious feature is the variation of tleeation of

the edges at different levels as a function of the dip of
the cylinder. Figure 2 shows a verticagction of the
evolution of edges at different scales for faults of

Density Dip Depth to Top Depth to Bot.
Synthetic 0.2 90 -1.0 -4.0
GA solution 0.2 90 -1.0 -3.6
Loc. Optim. 0.2 88.6 -0.66 -3.12

Table 1. Inversion of synthetic profiles, after adding 20% of random noise to the data. The dentsigt, dip,depth

to the top and to the bottom for a fault is given in the first row. The result of the inversion with a Genetic Algorithm is
given in the second rowlhe third row gives the localoptimisation ofthe GAsolution. The fault is recoveredvith

good accuracy.



Analysis of gravity data in the wavelet domain

Figure 3. Synthetic gravity image (a), edges at the finest scalan(hinage reconstructed from the multiscadges

only (c).

Image Processing.

The original image can be reconstructed from the
multiscale edges (see Mallaand Zhong, 1992 for
details). An example is given ifigure 3. Figure 3a
shows a synthetic gravity image. Figure 3b displays the
edges at the finestesolution. Figure 3c shows the
reconstructed image. By manupulating a set
multiscale edges we cagliminate or locally enhance
specific features in the image. This is a logabcess
that does not affect the overall image, unléealogous
Fourier operations. Data compression and noise
filtering are two other applications that could be derived
from this property. We are implementing such
algorithms, and hope to have examples fromeal
images by the time of the meeting.

of

visualisation
of

3-D
interpretation

and geological
skeletonizations.

Since the multiscale edges coincide with thein
features in a map, they are a significant aid to viseial
inspection of gravity maps.The technique is also
applicable to magnetic fieldsafter a pseudogravity
transformation is used to remove their dipolearacter.
An example is given irFigure 4a, a magnetidata set
collected by the Geologicaburvey of Victoria inwest
ern Victoria (Australia),and in Figure 4b, theedges at
the finest scale aftepseudogravity transformation.
Notice how large areas in the magnetic imagpear
featureless, but the edgese able to detecthighly
detailed structure. Aeologist familiar with theregion
has verified the accuracy of these edges.

Another example is given ifigure 5. Itdisplays the
skeletonization ofthe DNAG gravity field of North
America. Inour experience fieldyeologists found this
kind of visualisation particularlyinspiring, especially
for tectonic, large scaleanalysis. They have also
provoked very productive exchanges of ideas wither
geophysicists.

Figure 4. Aeromagnetic map collected AGSO in west
Victoria, Australia (top).Edges athe finest scale after
pseudo gravity transformation (bottom). Notice the fine
structure detected by the edges in ardsst appear
featureless to visual analysis in the original map.

We believe that theuse of edges as anatural
parameterisation of the problem is extremeabeful in
developing a commonframework for interaction
between geoscientists of different backgrounds.

Conclusions

We have presented reew set oftools for the analysis,
processingandinversion of gravity data. Webelieve
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that their main advantage lies in tip@rameterisation

that is natural to the problerand is also common to We wish to acknowledge Fractal Graphics Rtyg for
experts in the visuainterpretation of potential field the financial support. We also thank tli&eological
maps. We foundhat this gives dramework for avery Survey of Victoria for access to thdata presented in
productive communicationand cooperation between Figure 4. Work reported hemgas conducted apart of
geoscientists of different backgrounds. the Australian Geodynamics Cooperative Research
Centre and this abstract is published with the
Acknowledgments permission of the director, AGCRC

Figure 5. Skeleton map of the gravity field oudBA. Theedges at different scalese stacked one upoanother. The
visual inspection of the edges and their evolution at different scales gives indication of the major structures in the map
and in some cases, of the geological setting of the causative sources.
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